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An exceptional point of degeneracy (EPD) is demonstrated in a system made of an electron beam
interacting with an electromagnetic (EM) guided mode. This enables a degenerate synchronous
regime in backward wave oscillators (BWOs) where the electron beams provides distributed gain to
the EM mode with distributed power extraction. Current particle-in-cell simulation results demon-
strate that BWOs operating at an EPD have a starting-oscillation current that scales quadratically
to a non-vanishing value for long interaction lengths and therefore have higher power conversion
efficiency at arbitrarily higher level of power generation compared to standard BWOs.
Exceptional points of degeneracy (EPDs) are points
in parameter space of a system at which two or more
eigenmodes coalesce in their eigenvalues (wavenumbers)
and eigenvectors (polarization states). We stress that
the characterizing feature of an exceptional point is the
strong degeneracy of at least two eigenmodes, we stress
the importance to refer to it as “degeneracy” as implied
in [1]. Despite most of the published work on EPDs is
related to parity time (PT) symmetry [2] the occurrence
of an EPD actually does not necessarily require a system
to satisfy PT symmetry. Indeed, the system considered
here does not satisfy that PT symmetry condition at all
because it involves two complete different media that sup-
port waves: an electron beam (e-beam) for charge waves
and a waveguide for electromagnetic (EM) waves. These
two media can individually support modes also without
interaction between them. Once the EM wave interacts
with the e-beam in the slow wave structure (SWS), ex-
change of energy occurs. From the waveguide perspec-
tive, the EM mode experiences the simultaneous presence
of gain (from the interaction with the e-beam) and dis-
tributed power extraction (DPE) as shown in Fig. 1. The
gain in the interactive system represents the energy that
is extracted from the e-beam and delivered to the guided
EM mode, whereas the DPE from the waveguide repre-
sents extraction “losses” [3, 4] and not mere dissipation.
Backward-wave oscillators (BWOs) are high power
sources where the power is transferred from a very en-
ergetic e-beam to a synchronized EM mode [5]. The ex-
tracted power in a conventional BWO is usually taken at
one end of the SWS [6, 7] as shown in Fig. 1(a). One
challenging issue in BWOs is the limitation in power gen-
eration level. Indeed conventional BWOs exhibit small
starting beam current (to induce sustained oscillations)
and limited power efficiency without reaching very high
output power levels [8]. Several techniques where pro-
posed in literature to enhance the power conversion effi-
ciency of BWOs by optimizing the SWS and its termina-
tion. For example, non-uniform SWSs were proposed to
enhance efficiency of BWOs in [9], in [10] a resonant re-
flector was used to enhance efficiency to about 30%, and
a two-sectional SWS was also proposed to enhance the
power efficiency in [11]. Here we propose a new regime
(a)
(b)
FIG. 1. (a) Conventional BWO where the power is extracted
from the waveguide end; (b) EPD-BWO where the power is
extracted in a distributed fashion to satisfy the EPD condition
[3, 4]. The power is extracted using distributed wire loops (as
an example) that are connected to coaxial waveguides.
of operation of BWO based on an EPD that to occurs
need a DPE as in Fig. 1(b), to enhance the efficiency
and power generation level. The goal of this paper is to
show for the first time the physical mechanism of an EPD
arising from the interaction of an e-beam and and EM
wave in a realistic structure with theory and the support
of accurate particle-in-cell simulations and show a possi-
ble application as an EPD-BWO, and not to provide a
specific engineering design. The interaction between the
e-beam charge wave and the EM wave in the SWS oc-
curs when they are synchronized, i.e., by matching the
EM wave phase velocity vph = ω/βp to the average ve-
locity of the electrons u0, a condition that is specifically
called “synchronization”, where βp is the phase propaga-
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tion constants of the “cold” EM wave, i.e., when it is not
interacting with the e-beam. The synchronization con-
dition provides an estimate of the oscillation frequency
( ω ≈ u0βp ) and is considered as an initial criterion,
because the phase velocity of the “hot” modes, i.e., in
the interactive system, are different from vph and u0 due
to the interaction [12]. The EPD condition is satisfied
when synchronization is achieved in the interactive sys-
tem which means that two hot modes have exactly the
same phase velocity ω/Re(ke), where ke is the degener-
ate wavenumber, that is why we refer to this condition as
“degenerate synchronization”. Note that the degenerate
synchronization regime discussed in this letter is very dif-
ferent from the ones discussed in [13–16]. There, it was
the “cold” SWS that exhibited a degeneracy condition,
like the degenerate band edge (DBE), which is an EPD of
order four, or the stationary inflection point (SIP), which
is an EPD of order three, that were proposed to enhance
the performance of high power devices. We stress that
those DBE and SIP conditions were obtained in "cold"
SWSs based on periodicity, and indeed the interaction of
the EM modes with the e-beam would perturb those de-
generacy conditions, and even destroy them for increas-
ingly large values of e-beam currents. Here, instead, we
have proposed a new fully synchronous degenerate regime
based on the concept of “distributed gain and power ex-
traction balance”, where the EPD occurs in the "hot"
structure, i.e., when the EM wave is interacting with an
e-beam with any large amount of current and hence, in
principle, for any large amount of power.
Using an extension [3, 4] of the Pierce small-signal the-
ory of traveling-wave tubes [3, 12, 17] that describes the
evolution of the EM field and e-beam dynamics assuming
small signal modulation in the beam’s electron velocity
and charge density, we have shown that the condition
that yields an EPD is [3, 4]
(
βp
β0
)2
=
(
3
√
I0Zcβp
2V0β0
+ 1
)3
, (1)
where β0 = ω/u0, V0 and I0 are the e-beam equivalent
dc voltage and dc current, respectively, and Zc is char-
acteristic impedance of the cold EM mode. When DPE
is introduced in the SWS, the propagation constant and
characteristic impedance of the cold EM mode become
complex βp = βpr + iβpi and Zc = Zcr + iZci. The
cold propagation constant imaginary part βpi accounts
for power attenuation along the SWS due to the leakage
of power out of the SWS shown in Fig. 1(b). Under the
assumption that |βpi|  |βpr| the complex EPD condi-
tion in (1) is simplified to
I0 = I0e ≈ 128
81
√
3
V0
Zcr
β3pi
β30
∣∣∣∣
βpr=β0
. (2)
From a theoretical perspective, the EPD condition is
satisfied just by tuning the e-beam dc current to a specific
(a) (b)
(c)
FIG. 2. Longitudinal cross-sections of a SWS without (a) and
with DPE (b). (c) Dispersion of guided modes in the“cold”
SWSs in (a) and (b), without (blue curve) and with (red
curve) distributed power extraction (DPE). The dispersion
shows the real and imaginary part of the complex wavenum-
ber. The non-zero imaginary part of wavenumber (red line)
shows that the SWS in (b) exhibits distributed power extrac-
tion.
value which we call EPD current I0e. The EPD condi-
tion in (2) shows that the required e-beam dc current
I0e increases monotonically when increasing the amount
of distributed extracted power, which is represented in
terms of the imaginary part βpi of the cold SWS’s EM
mode. The fact that an EPD e-beam current I0e is found
for any amount of distributed power extraction, implies a
tight (degenerate) synchronization regime is guaranteed
for any high power generation. Therefore, in principle
the synchronism is maintained for any desired distributed
power output, according to the Pierce-based model[3, 4].
Note that this trend is definitely not observed in standard
BWOs where the load is at one end of the SWS.
We demonstrate the EPD-BWO regime by taking a
conventional BWO operating at X-band whose SWS,
shown in Fig. 2(a), has azimuthal symmetry and with in-
ner and outer radii of Ri = 11.5 mm and Ro = 16.5 mm,
respectively, and period d = 15 mm. The surface of SWS
along one period is described by a flat surface R(z) = Ro
for 0 ≤ z < w, where w = 5 mm, and sinusoidal cor-
rugated surfaces for the rest of the period described as
R(z) = (Ro+Ri)/2+(Ro−Ri) cos(2pi(z−w)/(d−w)) for
w ≤ z < d. The whole body of BWO is made of copper
with vacuum inside.
The DPE is introduced by adding two wire loops in
each unit cell, above and below as shown in Fig. 2(b),
that couple to the azimuthal magnetic field (shown in
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(a) (b)
FIG. 3. Field distribution for the TM-like mode supported
by the SWS in Fig. 2(a): (a) electric field at the longitudinal
cross-section, and (b) magnetic field at the transverse cross-
section.
Fig. 3(b)),and by Farady’s Law an electromotive force is
generated that excites each coaxial waveguide, similarly
to the way power is extracted from magnetrons (Ch. 10
in Ref. [5]). The coaxial cables have inner and outer
radii equal to 2.57 mm and 0.5 mm, respectively, leading
to 98 ohm characteristic impedance. Figure 2(c) shows a
comparison between the dispersion relation of radio fre-
quency (RF) modes in two “cold” SWSs: one used in
the conventional BWO in Fig. 2(a), and one used in the
BWO with DPE in Fig. 2(b). The dispersion curves show
only the EM mode that is TM-like, i.e., the one with an
axial (longitudinal) electric field component, with elec-
tric and magnetic field distributions shown in 3. The
dispersion curves in Fig 2(c) show that the EM mode in
the cold SWS with DPE is a backward wave that has a
propagation constant with non-zero imaginary part βpi
at the frequency where the interaction with the e-beam
would occur, i.e., at the point where the EM wave phase
velocity ω/βpr is synchronized to the velocity of electrons
u0 = 0.88c, where c is the speed of light in vacuum. This
means that the cold SWS in Fig. 2(b) is suitable for
our design of a BWO with an EPD [3, 4]. An example
of the dispersion of the complex-wavenumber modes in
the interactive (“hot”) EM e-beam system with DPE has
been shown in [3, 4] using the Pierce-based model reveal-
ing the occurrence of an EPD. The complex wavenumber
dispersion relation in presence of DPE, shown in Fig 2(c),
is obtained by using two multi-mode ports at the begin
and end of a SWS unit-cell where each port has 30 modes
that sufficiently represent the first TM-like Floquet mode
in the periodic SWS, while all the coaxial waveguides
are matched to their characteristic impedance to absorb
all the outgoing power. This is done using the Finite
Element Frequency Domain solver implemented in CST
Studio Suite by DS SIMULIA that calculates the scat-
tering parameters of the unit cell, that have then been
converted to a transfer matrix to get the SWS complex
Floquet-Bloch modes following the same method in [16].
Simulations based on the particle in cell solver (PIC),
implemented in CST Studio Suite, use a relativistic an-
nular e-beam with dc voltage V0 = 600 kV and guiding
magnetic field of 2.6 T with inner and outer radii Rib = 9
mm and Rob = 10.3 mm, respectively. Using 11 peri-
ods and an e-beam dc current I0 = 1740 A, the output
(a)
(b)
FIG. 4. Output signals and their corresponding spectrum
when SWS has 11 unit-cells and the used beam dc current is
I0 = 1740 A. (a) Conventional BWO where the output power
is only extracted from one port as shown in Fig. 1(a). (b)
EPD-BWO where power is extracted from multiple ports as
shown in Fig. 1(a).
FIG. 5. Scaling of starting current for conventional BWO
and EPD-BWO. The dashed lines represent the fitting curves.
The EPD-BWO shows a starting current trend that does not
tend to zero for long SWS.
signals and their corresponding spectra for both BWOs,
with and without DPE, are shown in Fig. 4 where a self-
standing oscillation frequency of 9.7 GHz is observed.
Since EPD-BWO is based on a 2nd order EPD, it has a
unique scaling trend of the starting current of oscillation
with the SWS length ` [3]
Ith|EDP−BWO = I0e +
(γ
`
)2
, (3)
where γ is a proper constant. In comparison, conven-
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FIG. 6. Comparison between the efficiency of a conventional
BWO and an EPD-BWO. The EPD-BWO shows improved
efficiency at higher level of power generation compared to the
conventional BWO.
tional BWOs have a starting current (threshold) that
scales as Ith = ζ/`
3 [7, 18], where ζ is a constant. We
use PIC simulations to verify the scaling trend of start-
ing current in (3), that was derived based on a theoretical
Pierce-based model. We show the starting current scal-
ing trends for both conventional BWO and EPD-BWO in
Fig. based on PIC simulations results. The dashed lines
in the figure represent fitting curves where the case of
EPD-BWO shows very good fitting with 99% R-square.
In comparison to a conventional BWO, the EPD-BWO is
characterized by a starting current (threshold) that does
not tend to zero as the SWS length increases, and a scal-
ing that is a quadratic function of the inverse of the SWS
length.
We compare the RF conversion power efficiency (RF
output power over dc e-beam power) of the conventional
BWO with that of the EPD-BWO in Fig. for e-beam
dc currents that exceed the starting current, assuming
the SWS has 11 unit-cells. The figure shows that the
EPD-BWO has higher efficiency at higher level of out-
put power compared to a conventional BWO with same
dimensions. The results show that the EPD-BWO has
a maximum efficiency of about 47% at about 0.5 GW
output power (the sum of the power from each output in
Fig. 1(b)). Instead, the conventional BWO has a max-
imum efficiency of about 33% at output power level of
about 0.27 GW. It is also important to point out that
EPD-BWO has a higher threshold beam current to start
oscillations compared to the conventional one which is in
consistent with the theoretical results in [3] and with the
requirement of generating higher power levels.
In summary, the physical mechanism of an EPD in
a hybrid system where an electron beam interacts with
an electromagnetic mode has been demonstrated. The
manifestation of such EPD is useful to conceive a new
degenerate synchronous regime for BWOs that have a
starting-oscillation current law that decreases quadrat-
ically to a given fixed value for long waveguide inter-
action lengths; as a consequence PIC simulations show
higher efficiency and much higher output power than a
standard BWO. The unique quadratic threshold scaling
law illustrates the new EPD-based synchronization phe-
nomenon compared to that in standard BWOs that have
a starting-oscillation current law that vanishes cubically
for long waveguide interaction lengths.
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